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In this paper, we will be concerned with the following situation: G is a 
finite group, H is a subgroup of G, p is a prime, and for some P E Syl p(G) 
with P (H we have: N&Q) = NH(Q) O,,(C,(Q)) whenever 1, # Q <P. In 
this situation, H controls strong p-fusion, and in [3] W. F. Reynolds 
demonstrated the existence of an isometry r, from the space of complex- 
valued class functions of H which vanish on p-regular elements of H and are 
linear combinations of irreducible characters in the principal p-block of H, 
onto the corresponding subspace of the space of complex-valued class 
functions of G. Most importantly, r maps generalized characters of H (within 
its domain) to generalized characters of G. Another important property of t 
is that (Or, & = (0, ~1~)~ whenever 0 is in the domain of r and x is an 
irreducible character of G in the principal p-block. 
We will give a criterion enabling us to turn congruences of character 
values into equalities. For the purposes of illustration, we will apply this 
criterion in the case when O&Z(H)) # 1, to try to establish that a large set 
of irreducible characters in the principal p-block of H can be “lifted” to 
irreducible characters of G in a coherent fashion. 
The case just mentioned occurs in connection with odd analogues of 
Glauberman’s Z*-theorem [2], and would appear to be an ideal candidate 
for an application of Reynold’s isometry. Although this problem is (in prin- 
ciple) solved, given the classification of finite simple groups, it would be 
instructive to find a character-theoretic proof. One consequence of our 
results is: 
PROPOSITION 1. Let p be a prime greater than 3. Let x be an element of 
order p in G, and let H = C,(x). Suppose that H is p-constrained, and that 
for each non-identity p-subgroup, Q, of H, we have: N,(Q) = NH(Q) 
O,,(C,(Q)). Then to each irreducible character, ,u, in the principal block of 
H, such that x 6! ker p, there corresponds a unique sign E, and a unique 
irreducible character, x, in the principal block of G, such that x - EP vanishes 
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on p-singular elements of H. Furthermore, every irreducible character x in 
the principal p-block of G such that x(x) is irrational arises in this way. 
The techniques that we use in this paper should find application to other 
problems related to establishing coherence of isometries. We remark also 
that if H n Hg is a p’-group for each g E G\H, then usual character 
induction can take the place of the Reynold’s isometry, and the results of this 
paper apply to all irreducible characters of G, not just those in the principal 
p-block. 
From now on, BP’(H), B?‘(G) denote the principal p-blocks of H and G, 
respectively. VbP)(H) denotes the space of complex-valued class functions of 
H which vanish on p-regular elements of H, and which are linear 
combinations of irreducible characters in BIP’(H). We define VbP’(G) in an 
analogous manner. One of our main tools is: 
LEMMA 2. Let x, ,u be irreducible characters in BP’(G), Br’(H), respec- 
tively. Let u be a p-element of H”, and suppose that for some sign E, we have: 
Ix(uv)-w(uvl* =O(mod~IC,@vl,)f or each p-regular element v of C,(u). 
Then ifp > 5, we have x(uv) = e,u(uv) for each p-regular v E C,{(u). 
Proof. Let S;(u) denote the p-section of u in H. We first claim that 
where {u’: i E I) is a complete set of representatives of the H-conjugacy 
classes of generators of (u), and C,(U), = {p-regular elements of C,(u)}. 
The above sum is equal to: 
Now we certainly have 
l v - c IP(Y < 13 
IHI 27 ),qf(“i) 
as ,u is irreducible. Let x0 be the class function of G which agrees with x on 
lJi,, S,G(u’), and vanishes elsewhere. It is a consequence of Brauer’s Third 
Main Theorem [ 1 ] that x0 E V?‘(G). Thus (x0, X& = (J, IH, x&,)~ (as 
restriction is the inverse of the Reynolds isometry r). 
Hence 
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The Cauchy-Schwartz inequality now yields that 
as required. 
We now prove that 
is an integer divisible by p. If p > 5, these two facts together tell us that 
X(-V) = sp(u(4’) whenever y E SF(u), which completes the proof of the lemma. 
The sum above is a multiple of the sum of the algebraic conjugates of 
It is sufftcient to prove that this last sum has the form pa, where a is an 
algebraic integer (for all algebraic conjugates of a are non-negative and if 
there are n of them, their sum is at least n, unless CI = 0). 
Now 
where { uj: 1 <j < m } is a full set of representatives for the conjugacy classes 
of p-regular elements of C,(U). By our hypotheses, then, the former sum has 
the form p/?/t, where t is an integer relatively prime to p, and /I is an 
algebraic integer. 
On the other hand, it is a well-known consequence of Brauer’s charac- 
terization of characters that for some sufftciently large power of p, say, pk, 
the class function of H which takes the value pk on S;(U) and 0 elsewhere is 
an algebraic integer combination of characters of H. Thus (l/IHI) 
c,Ts;(u) Pk Ix(y) - W(Y)I * is an algebraic integer, say, y. 
Thus pplt = y/pk, so pk+‘/? = ty. As p does not divide t, we see easily that 
YIPk+’ is an algebraic integer, so that (l/IHI) ~ysS;(U, lx(y) - E,D(J~)~* =pa 
for some algebraic integer a, as required. The proof of Lemma 2 is complete. 
The arguments in the following Lemma are quite standard. 
LEMMA 3. There is a one-to-one correspondence between irreducible 
characters of BP’(G) which do not always assume p-rational values, and 
irreducible characters of By’(H) which do not always assume p-rational 
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values. Let x be an irreducible character of BbP’(G) which does not always 
assume p-rational values. Then there is a sign E, an irreducible character p of 
BP’(H), and a p-rational valued character t? of H such that ~1” = &,u + 8. If 
x has three or more p-conjugates, then E and u are uniquely determined by x. 
Proof: Let {pi: 1 < i < n) be the full set of irreducible characters of 
BP’(H) which do not always assume p-rational values. Define an 
equivalence relation - on this set by pi - ,uj if and only if pi and ~j are 
p-conjugate characters. Relabel, if necessary, so that {pi: 1 < i < k} is one 
equivalence class under -. 
For 1 < i, j < k, pi -,uj E V;“‘(H), so (pi - pj)’ is defined, and is a 
difference of irreducible characters of B?‘(G), as r is an isometry. A 
standard argument shows that there is a sign E, and there are k irreducible 
characters {xi: 1 < i < k} in BbP’(G), such that (pi --/I~)’ = ski -xi) for 
1 < i, j < k. Furthermore, if k > 2, then E is uniquely determined. 
None of the characters of BP’(G) so obtained is p-rational valued. For 
example, let u be an appropriate Galois automorphism with py = ,u,. Then 
cu, - PJT = dxl - x2), so that shy - x;) = (~7 -&)’ = (p2 - &‘)‘, and 
0 x, = xz, because x1 occurs with multiplicity E in (p2 -,u;)‘. Thus 
XT = xz # x, , and x, is not p-rational valued. 
We may repeat this argument for each equivalence class. It is not difficult 
to verify that different equivalence classes give rise to disjoint sets of 
characters of BbP’(G). We thus obtain n irreducible characters of BbP’(G), 
say, (xi: 1 < i < n), none of which assume p-rational values everywhere. 
Let x be an irreducible character of BIP’(G) which is not in the above set. 
Let o be an appropriate Galois automorphism fixing p’th roots of unity. 
Then for each ,U E BIP’(H), we have &, (,u -@)‘) = 0 since x 6? 
{xi: 1 < i < n}. Thus we have: (,&,,u --P”)~ = 0 for all such p. Also, 
x - x” E Vop’(G) so (x - xO)~ E VP)(H), and klH, 4) = bUIH, 4) for each 
irreducible character, 4, of H, which does not lie in B?‘(H). Thus ~1” 
assumes p-rational values, and consequently x does also. 
A similar argument shows that (after suitable labelling) for 1 < i < n, 
there is a sign eir and a p-rational valued character Bi, of H, such that xi IH = 
eipi + 19~. Let u be a Galois automorphism fixing p’th roots of unity, but 
with XT f xi. Then ki - x7)], = eiQi - ,u:), and (pi - pUp)* = eihi - ~4). By 
our earlier remarks, when xi has at least three p-conjugates, ei is uniquely 
determined. In that case, since (xi -XT) lH = ei(pi - pUp), pi is uniquely deter- 
mined. The proof of Lemma 3 is complete. 
WHEN G,(Z(H))# 1,. 
From now on, we assume that G,(Z(H)) # 1,. Let x be a fixed element of 
order p in Z(H). We assume from now on that p > 5. In that case, no 
irreducible character of B~P’(H)\B~‘(H/C,,) is p-rational valued, and we may 
apply Lemma 3 to deduce: 
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LEMMA 4. There is a one-to-one correspondence between the irreducible 
characters x E BP’(G) f or which x(x) & Z, and the irreducible characters of 
Bp’(H)\Bp’(H/,,,). This correspondence may be chosen so that if 
xi E By’(G) and pi E BP’(H) correspond, then there is a sign &i and a 
p-rational valued character Bi of H such that xilH = cipi + Bi. Furthermore, 
as p > 5, &i and ,ui are uniquely determined by these conditions. 
We will attempt now to establish, using Lemma 2, that each Bi vanishes on 
p-singular elements of H. We will need to make a fairly natural assumption 
about the embedding of H in G before we can do this. We will work 
“p-section by p-section,” an unusual feature of this paper. We can establish 
that each 19~ vanishes on SF(x) without making any further assumptions, but 
first we need two easy lemmas. 
LEMMA 5. (i) Let T be a right transversal to C,(x) in G, let y be any 
element of G, and let x be any irreducible character of G. Then 
x X(X”Y) = [G : C,(x)1 
x(x) X(Y) 
&YET 
x(1) . 
(ii) Let G be the disjoint union UT=, C,(X) giC,(y). Then 
Proof. (i) Let p be a representation affording x. Then we have: 
cgETx(xgy) = traCe@(&sT x”)dY)). As P(,&~T-~~) = [G : C&)IWY 
x( 1)) p( l,), part (i) quickly follows. 
(ii) Let w  = uzv, where u E C,(x), v E C,(y). Then we have: x(x”y) = 
x(xLL)p) = ~((x’y)~‘) = x(x’y). Thus, x(x”y) depends only on the (C,(x), 
C,(y))-double-coset which contains g. For 1 < i < r, C,(x) g,C,( y) is a 
union of ) C,( y)I/I C,( y) n CG(xgi)/ right cosets of C,(x) in G. Part (ii) 
follows from this fact, together with part (i). 
LEMMA 6. (i) For any g E G, x is conjugate to xg within (x, xg). 
(ii) x does not commute with any of its distinct conjugates. 
ProoJ (i) We have already remarked that H controls strong p-fusion. 
For P E Sylp(H), we see that x is not conjugate in G to any other element of 
P, as x E Z(H). 
Let xg be a conjugate of x. We may choose u E (x, x”) such that xgU and x 
lie in the same Sylow p-subgroup of (x,x”). For some v E G we have: 
( x”, ,yguu) < p. Thus x1’ = xguO = x, as no other conjugate of x lies in P. Thus 
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X gU =x, and x is conjugate to xg within (x, xg), as claimed. Part (ii) follows 
immediately from part (i). 
We are now in a position to prove that each 13~ vanishes on S;(x). 
LEMMA 7. Let x,,u be irreducible characters of By’(G) and By’(H), 
respectively, which correspond as in Lemma 4, and let E be the uniquely 
determined sign mentioned in Lemma 4. Then x(y) = e,u(y) for each 
4’ E SF(x). 
Proof: We will prove that for each p-regular element v of H, (x(xv) - 
E,U(XV)) = O(mod 1 C,(xv)l,). In that case, we can apply Lemma 2 to conclude 
that x(xv) = sp(xv) for each such v. 
Let ( gj: 1 <j < r} be a complete set of (C,(x), C&xv)) double coset 
representatives in G. Then by Lemma 5, we have: 
IG : C,(x)1 
xW’)xW = -+ I C&VI 
x(1) y-, I C&v) n C#i)l x((xg’)- ’ xv)* 
We first claim that (xgj)- ’ xv is p-regular whenever 1 C,(xv) n CG(xg’)l is 
divisible by p. We can delete all terms in the summation for which p does 
not divide ) C,(xv) n CG(xgj)l, and replace the equality by a congruence 
(mod I W4lJ 
Suppose that p divides I C,(xv) n CG(xgj)l, and let u be an element of order 
p in C,(xv) n C,(xgj). Then x, v and xgj all lie in C,(U). By Lemma 6, x is 
already conjugate to xgj within C,(U). Since C,(U) = C,(U) O,(C,(u)) and 
H Q C,(x), it readily follows that (xgj))’ x E O,.(C,(u)). Thus (~“1))’ xt’ is 
p-regular, as v is p-regular, and our first claim is established. 
Let r be a primitive ( G I,,th root of unity, and o be a primitive pth root of 
unity such that p(x) = up(l). We have: 
,G : c,(x), hw + m9wm + w’)) 
x(1) 
= a(v)(mod I C,(XV)IJ~ 
where a(v) is an algebraic integer in Z[<], and 19 is the p-rational valued 
character of H such that ,& = sp + 8. This is true for each p-regular v E H 
(as long as a(v) is allowed to vary with v), so is true in particular when 
v = 1,. 
As p > 5, 1, o and W are linearly independent over Q[r]. We know that 
8(xv) and r3(x-‘) lie in Z [<I, so setting u = 1, in the above equation and 
comparing coefficients of 0 over Z[c] gives 
[G : C,(X)] f& e(x) - O(mod I C,(X)~,). 
REMARKS ON COHERENCE 495 
Since 
[G : qx), @wU) + @x)) 
x(l) 
is an algebraic integer and &.u) E Z it follows that 
[G : C,(x)1 $ and [G : C,(x)1 # 
and both integers. Since [G : C,(x)] is not divisible by p, we see that x( l)P 
divides both p( 1) and B(X). Furthermore px( l& does not divide both p( 1) and 
B(x), because x E B?‘(G), and 
[G : C,(x)] 3 f O(mod p) 
as x is central in a Sylow p-subgroup of G. 
We cannot have p(l) E O(mod IPI), because p E By’(H), so p certainly 
does not lie in a p-block of defect 0 of H. Since 
[G : C,(x)] ";\;f) E O(mod IPI), 
we must conclude that 0(x) E O(mod IPI) and that px( l),, does not divide 
P(l)* 
Returning to our earlier equation for arbitrary p-regular L’ E H, the coef- 
ficients of 8 over Z[<] on each side yield: 
[G : C,(x)1 “‘l,)(~~’ E O(mod I C,(xu)l,). 
Since x(l), is the exact power of p dividing p( 1) we conclude that 8(x0) = 
O(mod I C,(xu)l,). As indicated at the beginning of the proof, this is sufftcient 
to establish the truth of Lemma 7. 
Before we can proceed, we need to place further restrictions on the way in 
which H is embedded in G. For the sake of simplicity, we assume that 
H = C,(x) from now on. We also assume that for each element U, of order p 
in H, we have: [O,(C,(u)), x] n H < O,,(H). Of course, our earlier 
assumptions about the embedding of H in G still apply, as does the 
assumption that p > 5. Our new assumption is valid in a wide variety of 
interesting group-theoretic situations, including the following: 
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(i) H is p-constrained. 
(ii) Whenever a and b are commuting p-elements of Hiot, we have: 
O,,(C,(a)) n C,(b) < O,(C,(b)) (i.e., 0,. is “balanced” within H). 
(iii) H n HR is a @-group for each g E G\H. 
Next, we prove a lemma which gives some indication as to why our latest 
hypothesis is necessary. 
LEMMA 8. Let X be a finite group, q be a prime, and s be a q-element of 
X. Let w be a q-regular element of C,(s). Suppose that K is a q’subgroup of 
X which is normalized by sw, and that C,(s) < O,.(C,(s)). Then for each 
irreducible character Q of BP’(X), and each k E K, we have @(swk) = #(SW). 
Proof. Pick 4 E Biq’(X) and k E K. Let Y = (SW) K. Certainly Y’ <K. 
Within Y, swk is conjugate to sv, where tj is some regular element of C,(s). 
Then (sv))’ swk E Y’, so that v-‘wk E K, and hence V’W E K. 
Let v = wh, where h E K. Then h E C,(s), as v and w both lie in C,r(s). 
Thus h E O,(C,(s)), by hypothesis. As swk and swh are conjugate, we have 
#(swk) = #(swh). S ince $ E BP’(X) and h E O,(C,(sj), we have (by Brauer’s 
First and Second Main Theorems): g(swh) = #(SW). This completes the proof 
of Lemma 8. 
We now prove another Lemma of “balance type,” which will be useful to 
us: 
LEMMA 9. Let a and b be commuting p-elements of H#. Then 
P,G(a)>~ xl n C,(b) G O&&N. 
Prooj We first prove that [O,(C,(a)), x] n H < O,(H). By assumption, 
this is true when a has order p. Suppose that ap # l,, and let w be an 
element of order p in (a). Then C,(a) < C,(w), so that [C,(a), x] < 
[C,(w), xl. 
Now . C,(a) = O,,(C&jj C,(a), and C,(w) = O,.(C,(w)) C,(w). Since 
H = C,(x), we have: 
[o,,(C&)), xl n H = [C&l XI n H G [C,(w), X] n H 
= [0,&-W, xl n H < O,.(H) 
(this last containment holds by hypothesis). Our first claim is established. 
Now [O,,(C,(a)), x] n Co(b) is a p’-subgroup which is normalized by x, 
which we will call T for convenience. Then T = [T, x] C,(x). Now C,(x) < 
[O,.(C,(u)), x] n H Q O,(H). Furthermore, C,(x) Q C,(b), so C,(x) < 
O,,(H) n C,(b) < O,(C,(b)) < O,,(C,(b)) (the last inclusion follows 
because C,(b) = C,(b) O,,(C,(b))). 
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Also [T, x] < [C,(b), x] < O,,(C,(b)) (again because C,(b) = O,.(C,(b)) 
C,(b)). The proof of Lemma 9 is complete. 
Our next lemma makes crucial use of the property just established in 
Lemma 9. 
LEMMA 10. Let x be an irreducible character of BbP’(G), and let u be a 
p-element of H#, other than x- ‘. Let v be a p-regular element of C,(u). Then 
whenever p divides / C,(uv) n CG(xg)I, we have: x(xguu) = ~(xuv). 
Proof Suppose that there is an element, say, z, of order p in C,(uu) n 
C,(xg). As x E C,(uv), we may choose c E C,(uv) such that [z, xc] = 1,. 
Within C,(z), xguv is conjugate to xc~vxg(~c)-‘. Now xg and xc are 
conjugate to each other within C,(z), by Lemma 6. Consequently, 
xg(xc) - ’ E [C,(z), x’] = [O&,(z)), x’]. 
By Lemma 9, we have: [O,(C,(z)), xc] n C,(x’u) < O,~(C,(xcu)). We 
may apply Lemma 8 with xcu in place of s, L’ in place of ~7, and with 
[O,~(C,(z)),xcl in ~1 ace of K. We obtain: x(xguv) =x(x’uv). Now we have: 
x(xguv) = x(xcuv) = ~((xuv)‘) = ~(xuv), as required. 
COROLLARY 11. Let x and ,tt be irreducible characters of BIP’(G), 
By’(H), respectively, which correspond as in Lemma 4, and let E be the 
associated sign. Then x(z) = e,u(z) for each p-singular z E H. 
Proof As p # 2, we may apply Lemma 7 with x2 in place of x. Let w  be 
the primitive pth root of unity with ,u(x) = up(l). Then x(x’) = EO~,U( 1) and 
x(x) = sup(l). We may apply the previous lemma, together with Lemma 5, 
part (ii) (with y = x), to conclude that: 
[G : H] o$;;)2 SE [G 
so that x(l)= cp(l)(mod IPI). 
: H] sw*p(l)(mod ] PI), 
By Lemmas 2 and 7, it is sufftcient to prove that if u is a p-element of 
H\(x), and ~1 is a p-regular element of C,(u)“, then x(uv) = E,U(UV) 
(mod I C&4l,). 
For such elements u and u, we have, by Lemma 10 and Lemma 5, part 
(ii): 
[G: H] x(x)$~u) = [G : H] x(xuu)(mod ] C,(uv)],) 
(for the previous result allows us to replace x(xg&v) by ~(XUV) in the 
equation of Lemma 5, part (ii) whenever p divides ( C,(xgj) n C,(uv)] and 
neglecting the remaining terms does not affect congruences (mod 1 C,(uv)l,)). 
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Thus we have: 
[G:H] c~p(:()l:(nv) sz [G : H] X(xuv)(mod / C,(uv)l,). 
Thus 
[G: H] z we = [G : H] X(xuu)(mod ] C,(uu)],), 
so that 
[G : G@~)l ss.~(l)= [G : C,(uu)]~(xuu)(modIP]). 
Since x( 1) = sp( l)(mod ]P]), and [G : C,(uu)]~(uu)/~(l)) is an algebraic 
integer, we obtain: 
[G : C,(uu)] wx(uu) = [G : C,(uu)] X(xuu)(mod IPI). 
Thus wx(uu) = X(xuu)(mod ] C,(uu)(,). 
We know that ~1~ = E.U + 8, where 8 assumes p-rational values. We have 
EW~(I(U) + Ok = E~(XUU) + B(xuu)(mod I C,(uu)l,), 
so that We = 0(xuu)(mod I C,(uu)l,), as ,~(xuu) = cop(w). Since B(w) 
and B(xuu) lie in O(r), where 6 is a primitive I Gl,,th root of unity, we must 
conclude that 6J(uu) E O(mod I C,(uu)(,) (for 1 and w  are linearly independent 
over Q(c), and any algebraic integer in Q(o, 0 may be written in the form 
Cf:i czioi, where the ai are elements of Z[[]). 
Thus I = s,u(u(uu)(mod IC,(uu)],), and the proof of Corollary 11 is 
complete. 
REMARKS ON ODD ANALOGUES OF GLAUBERMAN'S Z*-THEOREM 
In [2], G. Glauberman proved a celebrated theorem, which may be stated 
as follows: Let t be an involution of the finite group K. Then if K # 
O(K) C,(t), each Sylow 2-subgroup of K contains at least two K-conjugates 
of t. Until very recently, it was an open question whether there was any 
analogue of Glauberman’s theorem for odd primes. Given the classification 
of the finite simple groups, the problem is reduced to checking properties of 
simple groups and some of their automorphisms. However, a more 
conceptual proof would be of interest. 
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It is not difftcult to verify that a minimal counterexample K has one of 
two possible structures (where y is an element of order p which does not 
commute with any of its other conjugates): 
(i) K is a non-abelian simple group, and whenever M is a proper 
subgroup of K containing y, M = O,,(M) C,(y). 
(ii) K = K’(y) # K’, and whenever M is a proper subgroup of K which 
contains y, M = O,.(M) C,,,(y). K’ is a simple group. 
These two cases must be eliminated separately, it seems. For P E Sylp(K) 
with y E P, we see that NK(Q) = (Nk(Q) n C,(y)) O,(N,(Q)) whenever 
1 # Q ,< P. We may apply the results of this paper with C,(y) in place of H 
and K in place of G. As far as Lemma 7 our results apply, subject only to 
the requirement that p > 5. 
Our results from that point onward tell us that either many irreducible 
characters of B~P’(C,(y)) can be “lifted” to irreducible characters of BP’(K) 
in a coherent fashion or else strong restrictions are placed on the structure of 
C,(y) and its embedding in K. 
In case (ii), we can say something assuming only that p 2 3, and without 
the assumption following Lemma 7. 
LEMMA 12. In case (ii), there is a one-to-one correspondence between the 
irreducible characters of BiP’(C,( y)) and the irreducible characters of 
BP’(K). This correspondence may be chosen so that to each irreducible 
character x of BbP’(K), there corresponds an irreducible character ,u of 
BbP’(CK( y)), and a sign E such that 
x(z) = w(z) for all z E C,( y)\Op(C,( y)). 
Proof Let T = C,(y), and let P be a Sylow p-subgroup of T. Then, as T 
controls strong p-fusion, we have: Pn OP(K) = Pn Op(T). Since K = 
K’(y) # K’, we see that T = ( y) x Op( T). 
There are p-linear characters of T, say, 2 , ,..., I,, which contain Op(7’) in 
their kernels and extend to linear characters of K. We label so that nj( y) = 
w  ‘-’ for 1 < i <p, for a fixed primitive pth root of unity o. 
Let x be an irreducible character of BbP’(K). Then x(y) # 0, as 
[K:C,(y)]$+ F : MWmod 4 
(where rr is a prime ideal containing p in a suitable ring of algebraic 
integers), and y is central in a Sylow p-subgroup of K. Hence {lix: 1 < i <p} 
contains p distinct characters. 
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Let Kh denote the set of p-regular elements of K’. Then C,,li,k(~)/ 
x(1)) f O(mod n). (For let U, ,..., u, be a full set of representatives of the 
K-conjugacy classes contained in K/,. Then 
x(u,) = t [K : C,(u,)] x(1) s k [K : C,(ui)] = ] K;](mod n), 
i=l i=l 
and 1 KhI is not divisible by p.) 
It follows that x&, has at least one (and hence each) of its irreducible 
constituents in Bhj”(K’). It is not difficult to verify that each irreducible 
character in Bp’(K’) occurs as a constituent of the restriction to K of some 
irreducible character in B)P’(K). 
Let (xj: 1 <j< m) be the set of irreducible characters in Bf’(K’). Then 
each xi has an irreducible extension to K (which we still call xi), and 
Bhp’(K) = {Aixj: 1 < i <p, 1 <j < m}, a set containing pm characters. 
Let (,uj: 1 <j < n) be the set of irreducible characters in Br’(O”(T)). Then 
BLP’(T) = {Ai@pj: 1 < i <p, 1 <j< n}. We note that for 1 <i, k <p, and 
1 <j Q n, Ai 0 ,uj - Ak @ ,uj vanishes on Op(7’), so certainly lies in VP)(T). 
It is routine to verify that (possibly after relabelling the xj’s) for 1 <j < n, 
there is a unique sign aj and a unique irreducible character xj of By’(K) such 
that (Ai @ pj - A, @ pj)’ = “j()iiXj - Akxj) for 1 < i, k < p. 
For u E OP(T), evaluation of (& @ pj - kk @ pj)‘( yu) gives: 
(W 
i-l - ok-‘)pj(n) = sj(wiP1 - w~-‘)x~(~u), so that xj(yu) = sjpj(u). We 
see that Aixj(~u) = sjAi @ pj( uu) for each i. Repeating the argument for each 
power of JJ tells us that Lizi - si(Ai @ ,uj) vanishes on qOp(T), for 1 < i <p, 
1 <j<n. 
Now let x E BP’(K), and suppose that x does not occur in (Aixj: 1 < i <p, 
1 <j < n }. Then x( 4~) # 0, as we have already seen. For 1 < i, k < p, 
l<j<n, we have: (x,(Ai@pj-Ak@pj)‘)=O, so that (J]~,A~@,u~)~= 
klT? Ak @ pj)T. 
Hence there are integers a,,..., a, such that x( JJ) = CJ-, aj C:=, ii @ 
,D~(JJ) = 0, a contradiction (for xIT = 8, + 0, where 8, has all its irreducible 
constituents in BP’(T), 6$ has no irreducible constituent in BP’(T), and e2 
vanishes on p-singular elements of T). The proof of Lemma 12 is complete. 
We remark that when p > 5 and the hypothesis following Lemma 7 is 
known to hold, the results of Corollary 11 and Lemma 12 can be combined 
to yield a one-to-one correspondence between irreducible characters of 
By’(K) and BP’(T) such that to each irreducible character x of By’(K) 
there corresponds a unique irreducible character ,u of BP’(T) and a unique 
sign E such that x - e,u vanishes on p-singular elements of T. 
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